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Abstract. We study the impact of non-standard momentum distributions of cosmic neutrinos
on the anisotropy spectrum of the cosmic microwave background and the matter power
spectrum of the large scale structure. We show that the neutrino distribution has almost
no unique observable imprint, as it is almost entirely degenerate with the effective number
of neutrino flavours, Neff , and the neutrino mass, mν . Performing a Markov chain Monte
Carlo analysis with current cosmological data, we demonstrate that the neutrino mass bound
heavily depends on the assumed momentum distribution of relic neutrinos. The message of
this work is simple and has to our knowledge not been pointed out clearly before: Cosmology
allows that neutrinos have larger masses if their average momentum is larger than that of
a perfectly thermal distribution. Here we provide an example in which the mass limits are
relaxed by a factor of two.
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1 Introduction
The neutrino sector is one of the most obscure sectors within the standard model of particle
physics. The nature of neutrinos, the neutrino mass production mechanism and even the
values of the neutrino masses are still open puzzles and matter to an active field of research.
Since the observation of neutrino oscillations revealed that neutrinos are massive, the
determination of the neutrino masses has become the holy grail of neutrino physics. While
the neutrino mass splittings have already been measured [1, 2], the neutrino mass ordering
as well as the mass of the lightest mass state are still undetermined. The strongest bound
on the neutrino mass from laboratory searches currently comes from the Troitzk and Mainz
experiments, namely mνe < 2.05 eV (95% CL) [3] and mνe < 2.3 eV (95% CL) [4], where
mνe = (
∑
i |Uei|2m2i )1/2 and Uei are the entries of the Pontecorvo–Maki–Nakagawa–Sakata
matrix. The tritium decay experiment KATRIN aims to reach a sensitivity of mνe <0.2 eV
at 90% CL [5].
The by far strongest constraint on the sum of the neutrino masses today however
comes from cosmological observations. Measurements of the temperature and polarization
anisotropy spectrum of the cosmic microwave background (CMB) with the Planck satellite in
combination with other cosmological measurements like baryonic acoustic oscillations (BAO)
show that
∑
mν < 0.12 eV (95% CL) [6]. This tight constraint has also been derived in the
analysis of [7] including galaxy power spectra but with Planck 2015 data [8]. Future data
analyses promise even tighter bounds and will be realized in the next decade [9–15]. The
cosmological mass bounds relax to some extent when marginalized over different extensions
of the standard ΛCDM model [17] but were found to be relatively robust [8, 16].
While most of the ΛCDM extensions studied in [8, 9, 11, 12, 14, 16, 17] are addressing
non-neutrino properties, we show how the cosmological neutrino mass bound can be lowered
by directly targeting an assumption that we usually make about cosmological neutrinos: We
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abandon the assumption of a Fermi-Dirac distribution for neutrinos and allow non-thermal
features in the neutrino phase-space distribution function. The idea behind is as simple as
follows: By allowing relic neutrinos to have a higher average-momentum they can have much
larger masses.
We also address the question which impact the neutrino distribution function has in the
first place on the CMB and the large scale structure (LSS) of the Universe. We show that
there is almost no unique feature of the neutrino distribution function in the CMB and LSS
since non-thermal distortions can almost be entirely mimicked by changes in the values of
the effective number of neutrino flavours Neff and
∑
mν .
While the degeneracy between the neutrino distribution function and Neff is widely
known, its intrinsic degeneracy with
∑
mν has been much less communicated. The latter
has however already been pointed out in [18]. But at the time of this work cosmological
data were still much less precise than today. In particular at the time of [18–20], there was
still a large degeneracy between
∑
mν and Neff which also allowed to significantly lower the
cosmological neutrino mass bound. Due to today’s precise CMB data of the Planck satellite
[8] the degeneracy between Neff and
∑
mν is mainly eliminated such that a non-standard
Neff alone does not significantly weaken the neutrino mass bound anymore. The impact of a
non-thermal neutrino distribution function on the neutrino mass bound however has to our
knowledge not been studied after the first release of Planck data in 2013 [21].
This work is organized as follows: In section 2 we present a parameterization for devia-
tions from equilibrium of the neutrino distribution function. It describes out-of-equilibrium
distributions that are not too far from the thermal case. As examples, we apply our param-
eterization to non-standard distributions inspired by µ- and y-type distortions of the cosmic
photon spectrum [22]. We present the impact of our parameterization on the CMB temper-
ature anisotropy spectrum and the LSS matter power spectrum in section 3. By normalizing
the distribution function and adopting an effective neutrino mass, we show that our param-
eterization allows to weaken the neutrino mass bound by more than 100%. We explicitly
demonstrate this by performing a Markov chain Monte Carlo (MCMC) analysis in section 4
and finally conclude in section 5.
2 Relic neutrino distribution
For massless neutrinos cosmological perturbation theory is entirely independent of the neu-
trino distribution function. All relevant quantities related to neutrinos – e.g. the energy
contrast or velocity divergence – are already integrated over momentum. However, for mas-
sive neutrinos the Boltzmann hierarchy is momentum-dependent [23]. The equations for the
zeroth and second multipole moments (Ψν,`) directly depend on the neutrino background-
distribution function fν , i.e. (following the notation of [23])
Ψ˙ν,0 = −qk

Ψν,1 +
1
6
h˙
d ln fν
d ln q
,
Ψ˙ν,2 =
qk
5
(2Ψν,1 − 3Ψν,3)−
(
1
15
h˙+
2
5
η˙
)
d ln fν
d ln q
.
(2.1)
Here, q denotes comoving momentum and  comoving neutrino energy, k wave number, h and
η are metric perturbations in the synchronous gauge, and overdots denote derivatives with
respect to conformal time. The contributions to the energy-momentum tensor are derived
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by solving (2.1) together with the ` = 1 and ` > 2 equations on a momentum grid, and
integrating over momentum, e.g.
δρν = 4pia
−4
∫
dq q2fν(q)Ψν,0, (2.2)
(ρ¯ν + P¯ν)σν =
8pi
3
a−4
∫
dq
q4

fν(q)Ψν,2, (2.3)
for the energy density perturbation δρν and the anisotropic stress σν . a denotes the scale
factor. Hence, the neutrino distribution function fν has a direct impact on the evolution
of massive neutrino perturbations which in turn have an impact on the photon and matter
perturbations. Cosmological observables like the CMB anisotropy spectrum and the LSS
matter power spectrum therefore depend on the neutrino distribution as well.
Let us discuss how to parameterize non-standard neutrino distributions in a relatively
model-independent way in the the following section.
2.1 Parameterization of relic neutrino distribution
According to the standard model of particle physics, neutrinos decouple from the cosmic
plasma at around T ∼ 1 MeV. Since neutrinos are effectively massless at decoupling, they
are usually assumed to follow an ultra-relativistic Fermi-Dirac (FD) distribution, which is
even preserved as the neutrino momentum distribution at later times when neutrinos become
non-relativistic,
fν(x) =
1
ex + 1
. (2.4)
Here, we introduced the dimensionless comoving momentum x = q/Tν,0, where Tν,0
denotes the neutrino temperature today. Note that there are small distortions to the FD
distribution (2.4) due to e+ − e− annihilation which are however usually expressed in terms
of an increased number of neutrino flavours, i.e. Neff = 3.046 [24, 25].
There are many exotic scenarios which could possibly alter the standard distribution
function (2.4) of neutrinos. Examples for this are: the decay or annihilation of some heavier
particle into neutrinos (e.g. [18, 26–28]), non-standard neutrino interactions like the freeze-in
of a massless Majoron (e.g. [29, 30]) or decaying neutrinos (e.g. [31, 32])1, or alternatively
oscillations to sterile neutrino states [34–38]. In order to keep the discussion as general as
possible we do not want to focus on any specific scenario but aim to be as model-independent
as possible. We therefore choose a parameterization very similar to [39] and expand the dis-
tribution function in polynomials which are orthonormal with respect to the FD distribution,
i.e. ∫ ∞
0
dx
1
ex + 1
pn(x)pm(x) = δnm. (2.5)
This choice for the orthonormality relation is different from [18], where the polynomials
were chosen to be orthonormal to x2/(ex + 1). Since one of the aims of this work is to study
the impact of the distribution function itself (i.e. of fν(x) and not of x
2fν(x)), we find our
choice more appropriate for this purpose. The first six polynomials can be found in the
appendix A. The distribution function can then be written as
fν(x) =
1
ex + 1
∞∑
n=0
cnpn(x), (2.6)
1Non-standard interactions scenarios in general would however also change the free-streaming behavior of
neutrinos [33] which would induce further modifications to the CMB and LSS that are not discussed here.
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where the coefficients cn are given by
cn =
∫ ∞
0
dxfν(x)pn(x). (2.7)
Note that equation (2.6) is entirely model-independent since any function can be de-
composed into the orthogonal polynomials (2.5). In general however, a distribution function
very different from the thermal FD distribution necessitates the inclusion of a high number
of coefficients cn (2.7). Nevertheless, by restricting our discussion to only a few moments
in (2.6), we can already describe a relatively large variety of distribution functions. Let us
therefore consider only polynomials up to order n = 2 in the following.
A disadvantage of the parameterization (2.6) is that for arbitrary choices of c0, c1 and c2
the distribution can get negative values which is of course an unphysical feature. It is however
easy to show that this unphysical behavior can be avoided by restricting the multipoles to
c1 ≤ 0.92c0 and c2 ≤ 1.06c0 (see appendix A for a detailed discussion). In order to better
control c1 and c2 it turns out to be more convenient to factorize c0 in (2.6) and interpret it
as an overall normalization N . Without loss of generality, the expansion (2.6) up to n = 2
can therefore be rewritten as
fν(x) = N · 1
ex + 1
(
p0(x) + F1p1(x) + F2p2(x)
)
, (2.8)
where N ≡ c0 and F1/2 ≡ (c1/2/N). The conditions to have a positive distribution function
therefore translate into
0 ≤ F1 < 0.92, 0 ≤ F2 < 1.06. (2.9)
2.2 Examples
As an example, we apply our expansion (2.8) to two types of familiar non-thermal features
in distribution functions, namely µ- and y-type distortions. Both of these distortions are
known from the CMB spectrum, where they can appear due to inefficient (y-type) or efficient
(µ-type) Compton scattering with electrons [22]. µ-type distortions could furthermore be re-
alized by neutrino chemical potentials, which would appear if the lepton asymmetry of our
Universe was non-negligible, see e.g. [40, 41]. In that case, they should however not be inter-
preted as distortions since a chemical potential is a thermal (but non-standard) feature of the
neutrino distribution function. For y-type distortions there is however no obvious realization
within the neutrino sector. In analogy to the Sunyaev-Zeldovich effect [22], such a distortion
could in principle be produced by neutrinos scattering on some high-energetic particles after
neutrino decoupling. However, without claiming any specific production mechanism of such
a distortion, we consider it – only for the purpose of testing how well the parameterization
(2.8) can mimic non-standard distribution functions.
Let us start with considering a µ-type distortion,
fµν (x) =
1
ex+µ + 1
, (2.10)
where we exemplary chose µ = 0.3 here. In thermodynamic equilibrium µ denotes the ratio
of chemical potential and temperature and after neutrino decoupling it becomes the so-called
neutrino degeneracy parameter.
The normalization N in (2.8) can be calculated according to (2.7) and is given by
N = c0 = 0.665848. (2.11)
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Figure 1: Left: Comparison of function (2.10) for µ = 0.3 and the expansion (2.8) up to
order n = 0. Right: Same, but with a y-type distortion (2.12) and the expansion up to order
n = 2.
The F1 and F2 parameters are much smaller than 1, which shows that they are very sub-
dominant in comparison to the overall normalization N . Indeed, if we neglect F1 and F2 (i.e.
we cut the expansion at n > 0), we can see in the left panel of figure 1 that the distribution
function resembles the exact expression in (2.10) quite well.
y-type distortions are described according to
fyν (x) =
1
ex + 1
[
1 + y
xex
ex + 1
(
x
ex − 1
ex + 1
− 4
)]
. (2.12)
Note that compared to y-type distortions of CMB photons there are some sign switches in
(2.12) due to the difference between bosons and fermions in the Kompaneets equation.
Exemplary we study the case of y = 0.2 and find for the expansion parameters in (2.8)
N = c0 = 0.499533, F1 =
c1
N
= 7.921424 · 10−8, F2 = c2
N
= 0.775381. (2.13)
The right panel of figure 1 shows the exact expression (2.12) with y = 0.2 and the
expansion (2.8) with the parameter values (2.13) in comparison. Even though the expansion
does not accurately reproduce the exact expression near the local minimum, the overall
consistency is reasonably good.
We conclude that our expansion can mimic µ- and y-type distortions. However, as
we include only quadratic polynomials in equation (2.8) our parameterization is of course
restricted to certain functions and we cannot mimic every thinkable distribution function
by equation (2.8). Given a specific model for non-standard neutrino distributions it may be
more useful to parameterize the distribution function in a different way.
This being said, we also want to point out another conclusion that we can draw from
this section: Since the normalization N has a very similar effect as the effective number
of neutrino flavours Neff , we conclude that chemical potentials are degenerate with Neff .
While this is a known fact for massless neutrinos (where the distribution function itself does
not matter, as explained above), this has not been a priori clear for the case of massive
neutrinos. Therefore, even with future experiments like CMB-S4 [42] or Euclid [43, 44] it
will be impossible to disentangle the effect of neutrino chemical potentials and Neff . Note
that this conclusion however only holds for the muon and tau neutrino, since the electron
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neutrino chemical potential has an additional impact on big bang nucleosynthesis (BBN)
that changes the primordial helium abundance and has a much larger impact on the CMB
anisotropy spectrum [41].
3 Impact of neutrino spectral distortions on the CMB and LSS
Let us now study in detail the impact of the parameterization (2.8) of neutrino spectral dis-
tortions on the CMB temperature anisotropy spectrum and the LSS matter power spectrum.
In order to do so we should make a short detour to BBN.
The impact of neutrinos on BBN is two-fold: The electron-neutrino distribution function
directly impacts BBN as it determines the neutron-to-proton ratio at the onset of BBN at
T = O(0.1 MeV). The impact of the muon- and tau-neutrinos is more indirect as they
only impact BBN through the expansion rate, which depends on the energy density of the
ultra-relativistic neutrinos and hence can be parametrized by Neff. Hence, in principle a non-
standard neutrino distribution function changes the BBN prediction for the abundance of
primordial helium, which in turn has an impact on the CMB anisotropy spectrum. However,
in most thinkable scenarios the neutrino distribution function would probably still be FD at
BBN: Before neutrino decoupling at T = O(1 MeV) any non-thermal feature in the neutrino
distribution function would be washed out quickly by weak interactions 2. The window for
non-standard physics to alter the neutrino distribution before the onset of BBN is therefore
restricted to the cosmic temperature range T = O(0.1 MeV) to T = O(5 MeV). For a detailed
analysis of such a scenario see [26, 27]. However, in the general framework of this work it
seems to be reasonable to restrict our discussion to scenarios where the neutrino distribution
only becomes non-standard after the onset of BBN. Some scenarios could nevertheless still
modify BBN through an enhanced Neff, e.g. the decay of a particle of keV mass. Note that
a particle of > O(MeV) mass would in contrast only enhance Neff after BBN, as it would
already be non-relativistic and therefore not enhance the relativistic energy density at BBN.
As we discuss in the next section, we focus on scenarios that do not alter Neff but only the
way how neutrinos are distributed.
3.1 Degeneracy of Neff and spectral distortions — normalization of the distri-
bution function
It is already well-known that the neutrino distribution function is degenerate with Neff ,
see e.g. [18]. In order to study the required sensitivity of current or future experiments to
disentangle the effect of Neff and the distribution function, we are interested in finding out
if there is a unique feature of the neutrino distribution function in the CMB anisotropy
spectrum and the LSS matter power spectrum. In order to switch off the effect due to Neff
it is useful to choose the normalization N (2.8) such that Neff always gives the same value.
This can be realized if
N ·
∫
dx
x3
ex + 1
(
p0(x) + F1p1(x) + F2p2(x)
)
!
=
∫
dx
x3
ex + 1
, (3.1)
which is fulfilled by the following choice of N
N =
5.682197
6.825012 + 18.239415F1 + 17.420046F2
. (3.2)
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Figure 2: Comparison of different parameter combinations for F1 and F2 (2.8) for the
normalized neutrino distribution function fν(y) (left) and y
3fν(y) (right).
Such a scenario (i.e. a non-thermal distribution function but an unaltered Neff) could
be realized for example by the freeze-in of a massless Majoron [29, 30], decaying neutrinos
[31, 32] or oscillations to sterile neutrinos [34, 35, 37].
In figure 2 we show the normalized (3.2) neutrino distribution function (2.8) as well as
x3fν(x) for different choices of F1 and F2. All shown cases of spectral distortions give rise to
an increase of the mean neutrino momentum as compared to the FD spectrum. We can see
that the dotted line with {F1 = 0, F2 = 1.06} is the most efficient parameter combination in
shifting the average momentum.
3.2 Implementation and cosmological observables
We implemented the parameterization (2.8) with the normalization given in (3.2) into the
linear Einstein-Boltzmann solver class [45]. Note that for parameter combinations with
F1 6= 0 and F2 6= 0 at the same time the precision of the numerical momentum-integration
method has to be slightly increased in order to obtain precise results. Here we focus our
study on mass degenerate neutrinos, i.e. m1 = m2 = m3, as we are only interested in the
upper limit on the sum of all neutrino masses. The base model is a spatially flat, Λ cold
dark matter model with scale-free primordial curvature fluctuations and without primordial
gravitational waves, i.e. todays vanilla model.
Figure 3 shows the relative percent difference in the angular power spectrum of CMB
temperature anisotropy (C`) and the LSS matter power spectrum (P (k)) between a non-
standard neutrino distribution function (2.8) and the standard FD distribution, i.e.
δC` =
C` − CFD`
CFD`
(3.3)
and equivalently for the matter power spectrum P (k). The dark blue curve (
∑
mν = 0
eV) is only plotted as a numerical test to confirm that for massless neutrinos cosmological
observations are indeed independent of the distribution function.
As expected, the impact of a non-thermal distribution function is increasing for increas-
ing neutrino masses (in fact approximately proportional to the sum of neutrino masses).
Remarkably the relative difference in the LSS matter power spectrum is up to 20% for the
2Note that this does not hold for chemical potentials – discussed in the previous section – which are a
thermal (but non-standard) feature in the neutrino distribution function.
– 7 –
0 500 1000 1500 2000 2500
2
0
2
4
6
C
[%
]
F1 = 0.92, F2 = 0
F1 = 0, F2 = 1.06
F1 = 0.92, F2 = 1.06
m = 0eV
m = 0.15eV
m = 0.3eV
m = 0.6eV
10 3 10 2 10 1 100
k[h/Mpc]
0.0
2.5
5.0
7.5
10.0
12.5
15.0
17.5
20.0
P(
k)
[%
]
F1 = 0.92, F2 = 0
F1 = 0, F2 = 1.06
F1 = 0.92, F2 = 1.06
m = 0eV
m = 0.15eV
m = 0.3eV
m = 0.6eV
Figure 3: Relative difference in the CMB temperature anisotropy spectrum (top) and LSS
matter power spectrum (bottom) between a standard FD neutrino distribution and the pa-
rameterization (2.8) with the normalization (3.2) for different neutrino masses and choices
of F1 and F2.
parameter combinations under consideration, whereas it is about a factor of 3 smaller – but
still significant – in the CMB anisotropy spectrum. Besides a modulation of the angular
power spectrum, both in the CMB and in the LSS we can observe an enhancement of struc-
ture at small length scales. This shows that the neutrino distribution function has indeed an
impact on the the CMB and LSS which is not degenerate with Neff . The remaining question
is now whether the effects shown in figure 3 are unique features of the neutrino distribution
function or if they can be mimicked by other cosmological parameters.
3.3 Determining an effective neutrino mass
Of course, the normalization N (3.2) that we chose in the last section fixes the neutrino
energy density at early times when neutrinos are relativistic. There is no way to find a
normalization such that the energy density of the non-thermal distribution (2.8) is always
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Figure 4: Same as figure 3, but with the neutrino mass of the non-thermal distribution
adapted according to (3.5).
the same as in the standard FD case. However, the energy density at late times is not only
determined by the distribution function but also by the neutrino mass. The CMB anisotropy
spectrum of figure 3 also shows that the impact of a given neutrino mass can be mimicked to
some extent by a different neutrino mass and another corresponding distribution function:
For example, the red solid line (
∑
mν = 0.6 eV, F1 = 0.92, F2 = 0) looks very similar to
the green dotted line (
∑
mν = 0.3 eV, F1 = 0.92, F2 = 1.06). This motivates the question
if we can eliminate the signal of a non-thermal neutrino distribution in figure 3 by adapting
the neutrino mass accordingly. In other words, we want to determine the neutrino mass of
the non-thermal distribution m∗ν , such that today’s ρν(m∗ν) = ρFDν (mν). Then the following
equation is fulfilled
∫ ∞
0
dxx2
√
x2 +
m2ν
T 2ν0
(
1
ex + 1
)
!
= N
∫ ∞
0
dxx2
√
x2 +
m∗ν2
T 2ν0
1
ex + 1
(
p0(x)+F1p1(x)+F2p2(x)
)
,
(3.4)
where N is given in equation (3.2).
By approximately solving equation (3.4) we find the following relations for the parameter
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combinations used in figure 3:
F1 = 0.92, F2 = 0 : m
∗
ν = 1.30 ·mν ,
F1 = 0, F2 = 1.06 : m
∗
ν = 1.94 ·mν ,
F1 = 0.92, F2 = 1.06 : m
∗
ν = 1.73 ·mν .
(3.5)
Figure 4 shows how the signal presented in figure 3 changes when adapting the neutrino
masses according to (3.5). After adapting the neutrino masses the remaining effect of the
spectral distortions drops below the 1% level in both, temperature anisotropy spectrum and
LSS matter power spectrum. Note that the numerical precision of our calculations are at
the level of 0.02% for the CMB anisotropy spectrum and about 0.2% for the LSS matter
power spectrum (dark blue curves). In order to track down how much of the signal in figure
4 is due to the real unique feature of the neutrino distribution function and how much is
simply numerical noise, we would have to tune the numerical precision of class. However,
the remaining signal in fig. 4 is anyhow below the precision of current experiments and its
detection therefore currently unfeasible.
We have just shown that the neutrino distribution function is not only degenerate with
Neff but also with the neutrino mass. This has interesting consequences on the robustness
of cosmological neutrino mass bounds: By abandoning the assumption that relic neutrinos
follow a thermal FD distribution precisely, we can weaken cosmological neutrino mass bounds.
As we have shown, cosmological observations almost exclusively care about the time when
most of the neutrinos become non-relativistic. This time is not only determined by the
neutrino mass but also by the neutrino distribution function. Even when keeping the neutrino
energy density at early times fixed (i.e. when Neff is fixed), we can still enhance the neutrino
average momentum such that neutrinos are allowed to be much heavier than in the standard
framework. For the parameterization chosen in this work (2.8) we expect the neutrino mass
bounds to become weaker by more than 90% (for {F1 = 0, F2 = 1.06}, as shown in figure 4).
We however want to strongly emphasize here that the amount by which the neutrino mass
bound is changed clearly depends on the specific model under consideration. Some models
with a non-thermal neutrino distributions may lead to a weaker effect, while other models
may even relax the neutrino mass bound by much more than the 90% found here.
4 MCMC analysis
In order to demonstrate on real data that we can lower the neutrino mass bound by allowing
a non-thermal neutrino distribution, we perform an MCMC analysis with the MCMC engine
Montepython [46, 47]. We study the two following data sets representing conservative and
more stringent cosmological mass bounds:
TT+lowP Temperature anisotropy spectrum and low-` polarisation from the Planck 2015
data [8].
TT+lowP+BAO Same as above plus measurements of the baryon acoustic oscillation peak
scale as measured by 6DF [48], BOSS LOWZ and CMASS [49, 50], and the SDSS Main
Galaxy Sample [51].
As in the previous section, we study the case of mass-degenerate neutrinos since the
neutrino mass-splittings are still close enough to be negligible with current data. We apply
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Figure 5: Posterior distribution of the neutrino mass sum
∑
mν for different choices for
different choices of the multipoles {F1, F2} (2.8) and the normalization N fixed to (3.2), in
comparison to the standard FD distribution. In all cases Neff = 3.046.
flat priors on all cosmological parameters and adopt the Gelman-Rubin convergence criterion
R < 0.01.
We study different distribution functions, where we choose the same combinations of
the expansion parameters {F1, F2} (2.8) as in figure 4 and equation (3.5). The overall nor-
malization N is thereby again fixed according to equation (3.2). This also guarantees that
we do not introduce any inconsistency with the CMB constraints on Neff, which is fixed to
Neff = 3.046 in this analysis. Note that a global fit, where F1 and F2 and mν are treated as
free parameters, does not provide any further insight: Since at mν = 0 cosmic perturbation
theory is blind to the relic neutrino distribution, F1 and F2 are entirely unconstrained in such
an analysis. This also implies that future cosmological data will only have constraining power
on the relic distribution function if they turn out to exclude
∑
mν = 0 or if the neutrino
masses eventually will be measured by laboratory experiments.
As already noted in section 3, the precision of the numerical integration method for
massive neutrinos in class needs to be enhanced in order to properly perform momentum
integrations. As a comparison we also performed an MCMC run assuming the standard FD
distribution. Our results for the mass constraints in this run agree well with the ones by the
Planck collaboration [8], which are however weaker than the ones quoted in the introduction,
since the Planck 2018 data [6] are not publicly available at the time of finishing this work.
Figure 5 shows the posterior distribution of the neutrino mass sum
∑
mν for the differ-
ent parameter combinations. We clearly see how the posterior stretches, depending on the
assumptions on the neutrino momentum distribution. The 95% CL upper bounds for the
– 11 –
TT+lowP (95 % CL) TT+lowP+BAO (95 % CL)
FD
∑
mν < 0.73 eV
∑
mν < 0.18 eV
F1 = 0.92, F2 = 0
∑
mν < 0.95 eV
∑
mν < 0.26 eV
F1 = 0, F2 = 1.06
∑
mν < 1.45 eV
∑
mν < 0.37 eV
F1 = 0.92, F2 = 1.06
∑
mν < 1.34 eV
∑
mν < 0.32 eV
Table 1: 95% CL upper bounds on the sum of neutrino masses for different choices of
the multipoles {F1, F2} (2.8) and the normalization N fixed to (3.2), in comparison to the
standard FD distribution. All upper limits are based on Planck 2015 likelihoods [8].
different parameter combinations and different data sets are reported in table 1. The mass
bounds we find in our analysis confirm the prediction of equation (3.5), i.e. depending on
the choices of the parameters {F1, F2} we can lower the bound by more than 90%, in fact by
even more than a factor of two in the case of the more stringent bounds (0.37 eV instead of
0.18 eV).
5 Conclusions
In this work, we studied the impact of a non-thermal relic neutrino distribution on cosmolog-
ical observables, i.e. the CMB temperature anisotropy spectrum and the LSS matter power
spectrum. Any process that increases the mean momentum of cosmic relic neutrinos could
give rise to an increased cosmological upper bound on the sum of the neutrino masses. Two
types of processes can be imagined. Either a process that modifies the bulk of cosmic relic
neutrinos, or a rare effect that affects only a small number of cosmic neutrinos but injects
a lot of energy, e.g. a post-BBN decay of a heavy particle into high-energy neutrinos. Our
formalism is well suited to study the former type of effects, but the latter one requires much
more care with the numerical accuracy of the Boltzmann codes to account for the hierarchy
in neutrino energy scales. Here we have focused on the former type of effects.
In order to parameterize non-thermal distributions in a model-independent way, we
expanded the distribution function in orthonormal polynomials where we cut the expansion
at order n ≥ 3 (2.8) for simplicity. This introduces three parameters, N , F1 and F2. We
demonstrated that our parameterization can mimic µ-distortions and y-inspired distortions
very well. In order to figure out if the distribution function has a unique imprint in the CMB
and the LSS we chose the normalization N such that it always reproduces the standard value
of Neff . A realization of such a scenario would be any (non-standard) physics that redistribute
neutrinos without injecting a too large amount of energy into the neutrino sector. Examples
of this are e.g. non-standard neutrino interactions like the freeze-in of a massless Majoron
(e.g. [29, 30]), decaying neutrinos (e.g. [31, 32]), or oscillations of active to sterile neutrinos
[34–38]. After normalizing the distribution function, the remaining effect is up to 6% in the
CMB temperature anisotropy spectrum, and up to 20% in the LSS matter power spectrum,
depending on the choices of {F1, F2} and
∑
mν . For different choices of the parameters
{F1, F2} we furthermore calculated an effective neutrino mass m∗ν that allows to also have
the same energy density at late times as the standard FD distribution with mass mν , see
equations (3.4) and (3.5). When adjusting the neutrino mass of the non-thermal distribution
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to the effective mass m∗ν the signal in the CMB and LSS shrinks down below the percent
level. This means that the class of spectral distortions studied in this work has almost no
unique observable imprint, since it is almost entirely degenerate with Neff and
∑
mν . While
the degeneracy to Neff has already been well-known, the intrinsic degeneracy to
∑
mν has
been much less communicated and — in our opinion — overseen in discussions about the
robustness of cosmological neutrino mass bounds. By performing an MCMC analysis we have
demonstrated that the cosmological neutrino mass bound can be relaxed by more than 90%
for the parameterization studied in this work. Note however that our parameterization (2.8) is
constructed in such a way that it only describes distribution functions that are still relatively
close to the standard FD distribution. Adding higher polynomials to the parameterization
could further relax the mass bounds and assuming a drastically different distribution function
could in principle relax the mass bounds in a drastic way. In general, given a specific model
it has to be tested from case to case if our parameterization (2.8) is sufficient in mimicking
the neutrino distribution and by which amount the neutrino mass bound would be relaxed.
To sum up, we showed how much the cosmological neutrino mass bound relies on our
assumption about the relic neutrino distribution function. This stands in contrast to claims
that the mass bound is entirely robust. Indeed, assuming that neutrinos follow a thermal FD
distribution is — on theoretical grounds — reasonable. But from an observationally agnostic
point of of view, we have never measured the relic neutrino momentum distribution (and will
not in the near future), so we should keep in mind that the cosmological mass bound and the
constraints on Neff strongly depend on this assumption. Direct mass detection experiments
like KATRIN [5] are therefore still of great importance, even though their sensitivity to
the neutrino mass is already beaten by cosmological observations under the assumption of
thermally distributed relic neutrinos. If KATRIN measures a neutrino mass in contradiction
to the cosmological neutrino mass bound, this would have exciting consequences for neutrino
physics and the most promising cosmological model would probably be provided by scenarios
that alter the momentum distribution of cosmic relic neutrinos. Conversely, an improved
upper limit on the electron neutrino mass from KATRIN would increase our confidence in
the thermal history of the early Universe.
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A Orthogonal Polynomials
The first six polynomials fulfilling the orthonormality relation (2.5) are given by
p0(x) = 1.201122, (A.1)
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Figure 6: The first 6 polynomials that fulfill the orthonormality relation (2.5). Analytical
expressions are given in eq. (A.1)-(A.6).
p1(x) = 1.099518x− 1.304654, (A.2)
p2(x) = 0.537034x
2 − 2.300076x+ 1.332213, (A.3)
p3(x) = 0.176907x
3 − 1.654993x2 + 3.540416x− 1.346042, (A.4)
p4(x) = 0.043900x
4 − 0.720629x3 + 3.373534x2 − 4.804106x+ 1.354667, (A.5)
p5(x) = 0.008734x
5 − 0.222447x4 + 1.827305x3 − 5.705037x2 + 6.083677x− 1.360699.
(A.6)
An illustration of the polynomials (A.1)-(A.6) can be found in figure 6. In the following, we
however only focus on the first three polynomials.
As discussed in section 2.1, the expansion in those polynomials (2.8) has the disadvan-
tage of evolving negative values for the distribution function for certain choices of parameter
combinations {F1, F2}. This unphysical feature is caused by the orthogonal polynomials
themselves having negative values in certain ranges of comoving momentum. In particular,
the term in brackets in equation (2.8),
p0(x) + F1p1(x) + F2p2(x), (A.7)
can become negative.
Let us first study the scenario of {F1 6= 0, F2 = 0}. The p1(x) polynomial (A.2) has its
global minimum at x = 0. That implies that as long as we have F1 < −p0(0)/p1(0) ≈ 0.92,
equation (A.7) and the distribution function (2.8) are positive for all x. The lower limit (i.e.
F1 > 0) is derived by demanding the correct asymptotic behaviour of fν(x) (2.8) for x→∞.
For {F1 = 0, F2 6= 0} the same argument gives F2 < −p0(x0)/p2(x0) ≈ 1.06, where
x0 = 2.141462 is the global minimum of p2(x). For mixed states, i.e. {F1 6= 0, F2 6= 0},
the condition of a positive distribution function for F2 depends on F1 (and the one for F1
on F2). On general grounds (particularly for an MCMC analysis), such conditions are less
convenient to handle. For the sake of simplicity, we therefore hold on the conditions (2.9),
even though we thereby omit some of the possible parameter space of {F1, F2}. By restricting
our considerations to the parameter ranges (2.9), we however still cover a large variety of
distribution functions.
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